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Introduction 

We continue our study of ttie tempered spectrum of quasi-split classical 
groups. Here we examine the case of the special orthogonal groups of odd 
dimension. While this is the last of the classical groups to be examined, it is 
the first for which our results address the tempered spectrum whose super- 
cuspidal support is an arbitrary maximal parabolic subgroup, as we describe 
below. We continue to see the connection between poles of local Langlands 
L-functions, reducibility of parabolically induced from supercuspidal repre- 
sentations, and the theory of twisted endoscopy. The recent progress in au- 
tomorphic transfer and the local Langlands conjecture allows us to get more 
precise results than in previous cases. In particular, we can show that poles 
of the local Rankin-product L-functions are determined by local components 
of automorphic transfer, and for the most interesting case of GL2n x S02n+i-i 
the pole should be given precisely by this data. That we can also resolve 
reducibility for GL^ x S02n+ii for all n and stands in contrast to earlier 
cases, where we needed some restrictions. 

We let M ~ GLn x S02m+i be an arbitrary maximal Levi subgroup 
of G = S02r+i, with m + n = r. The main object of study for us is the 
standard intertwining operators and their poles. If r' ® r is an irreducible 
supercuspidal representation of M, then (when r is generic) the poles of 
the intertwining operators are those of the product of two local L-functions, 
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L{2s , t' , sym?) and L{s,t' x r), the latter being the Rankin product L- 
function. The intertwining operators have simple poles, and hence at most 
one of the L-functions has a pole at s = 0. Furthermore, the operators are 
entire if r' 9^ f. We will therefore restrict ourselves to the case r' ~ f'. 
The symmetric square L-functions are studied in |Sh2] . and it is shown 
there that those irreducible self dual supercuspidal representations which do 
not have a pole of this L-function, give a pole of L(s, r', A^), the exterior 
square L-function (cf |Sh2j ). It is the subject matter of |He2j that these L- 
functions are the Artin L-functions L(s, sym?(j)') and L(s, A^0'), where 0' is 
the Langlands parameter attached to r' as in |HTllHe] . Thus, such irreducible 
supercuspidal representations must have the property that the corresponding 
parameter given by |HTt IHej must factor through the symplectic group, as 
described in |Sh2] . 

The theory of i?-groups |Kn-Stt ISi] reduces the classification problem for 
the tempered spectrum to the case of maximal parabolic subgroups, along 
with the combinatorial problem of determining the i?-groups themselves. For 
classical groups, the i?-groups in question have been determined |G3t IG4j . 
The case of the Siegel Levi was addressed by the second named author for G = 
Sp2n or SOn in |Sh2] . The first named author applied the methods of |Sh2] 
to the Siegel Levi subgroups of quasi-split unitary groups |Glt IG2j . The case 
of an arbitrary maximal parabolic subgroup was studied in |Sh3j for (split) 
S02n, [GSlj for Sp2n and quasi-split S02n and in |GS2j for quasi-split unitary 
groups. However, in each case, only the part of tempered spectrum with 
supercuspidal support on certain maximal parabolic subgroups were resolved. 
In particular, only those parabolics with Levi components of the form GL2n x 

S02m, GL2n X Sp2m, GL2n X S02m^ ^^^E/FGL2m X Um,m,i or -R'6Sg/p'GL2n+l X 

Um,m+i- In short, the dimension of the general linear component must have 
the same parity as the dimension of the classical group. The reason for this 
restriction is our inability to successfully analyze the norm maps in the case 
where the dimensions of the two groups have opposite parities. 

In the case under current study, we are, in fact, able to give a descrip- 
tion of the tempered spectrum with supercuspidal support in any maximal 
parabolic subgroup. We accomplish this by noting that the regular semisim- 
ple elements of S02m and S02m+i are in bijective correspondence, and this 
bijection is well behaved with respect to the norm map we define here (cf. 
Lemma 2.5, Corollary 2.6, and Secton 3). We again use the theory of twisted 
endoscopy, as described in |KSj . and to do so we need to understand the norm 
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map from twisted conjugacy classes of GL„ to conjugacy classes of S02m+i- 
However, the argument of Lemma 5.9 of |Sli3j . which could also be applied 
to Lemmas 3.11 of [GSl] and 2.12 of |GS2] is not directly applicable here. 
Hence a different approach is needed. We use the fact that the tori of S02m+i 
and S02m are in bijection in a very straightforward way (cf Corollary 2.6 and 
Proposition 2.7). This allows us to construct an explicit proof that the image 
of the norm map includes all semisimple classes when n = 2m + 1. We are 
then able to further exploit the matching of tori, and its compatibility with 
the norm map to show that the same result holds when n = 2m (cf. Section 
3). This is then enough to apply the methods of previous cases to arbitrary 
parabolic subgroups. We remark that the case of greatest interest here, is 
that of n = 2m, owing to the local functoriality conjecture of Langlands 
|C-K-PS-S[ [JS]. 

Our understanding of the norm map allows us to interpret the poles of 
intertwining operators as sums of integrals in which the integrand is a product 
of a twisted orbital integral on GLn times an orbital integral on S02m+i- We 
further decompose this and regroup the sum to obtain, as in previous cases, 
two parts. The first of which we refer to as the main term, and it comes 
from the Weyl integration formula. The other part is given by singular terms. 

These singular terms are of the form |14^(T)|~^Res / (y9_4(s, 7)|D(7)| (i7, 

with T a Cartan subgroup of SO 21+1, for some £, (y9_4 an entire function of 
s, and VL an open compact subset of T (cf Theorem 4.9 and Corollary 4.10). 
It is quite remarkable that the residue in each of the singular terms above is 
independent of the choice of f2, and therefore depends only on the singular 
set. This was noted as well for earlier cases (see |GS2] ). At this time, we 
have no way of resolving these terms further. Understanding these terms 
in some more explicit way must be the focus of further study. We find this 
extremely intriguing, and believe these terms must contain deep arithmetic 
information which, as yet, we have no techniques for extracting. 

There is one other aspect of our study here which differs from our earlier 
reports. Due to the significant progress in the Langlands functoriality conjec- 
ture, we are able to give a better description of the relation between the poles 
of L-functions and the theory of twisted endoscopy. In particular, we use the 
recent results of |C-K-PS-^ and [JS] to define a notion of local automorphic 
transfer (cf Definition 5.2). Using the properties of the automorphic transfer, 
we note that L(s, t' x r) is entire when n > 2m. Furthermore, if n = 2m, 



3 



L{s, t' X r) has a pole if and only if r' is the local automorphic transfer of 
r (cf Proposition 5.3 and jJS]). On the other hand, the non-vanishing of 
the main term Rq, is indicative of r' coming from r via twisted endoscopy 
(cf. Definition 5.1). This is our strongest evidence to date that automorphic 
transfer is given locally by twisted endoscopy. 

In Section 1 we give basic definitions, and give an initial characterization 
of the intertwining operator. In Section 2, we examine the norm correspon- 
dence for the case n = 2m + 1. In Section 3 we turn to the case n = 2m, 
and then apply those results, as well as those of Section 2 to describe the 
norm correspondence when n > 2m + 1. In Section 4 we describe the poles 
of the intertwining operator for all n and m, and prove our main theorem. In 
Section 5 we examine the relation of the results of Section 4 to automorphic 
transfer and twisted endoscopy. We remark that several of the proofs of the 
results in sections 1 and 2 are almost verbatim those of the corresponding 
results in |Sh3t IGSlt IGS2j . except for minor details, such as carrying a sign 
all the way through. For this reason we choose to omit some of these longer 
proofs, referring to the earlier results. 

The authors would like to thank the Centre International de Recontres 
Mathematiques, in Luminy France, and the Park City Mathematics Institute, 
where much of this manuscript was written. Both institutes provided pleas- 
ant environs in which to work and a high level of interesting and motivating 
mathematical activity. 



1 Preliminaries 



Let F be a local nonarchimedean field of characteristic zero. Fix the form 
/ 1\ 



Wr. 



V 



G GLn{F), for any n > 1. Note that Wr, 



/ 



^Wn = w^^. We let G = G(r) = S02r+i, defined with respect to the form 
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W2r+i- The maximal split torus of diagonal elements is denoted by T, 



X2 



Xi eGm^ GLi > 



X 



-1 



I v 



X 



We set B = TU to be the upper triangular matrices in G. The root system, 
$(G, T) is of type Br, with simple roots {ei — 62, 62 — 63, ... , e^-i — e^, e^}. 
We take the subset ^ = A — {e„ — Cn+i}. Setting m — r — n, we have 



xiri 



A = A. 



'2m+l 



x-H, 



and M = Me = ZdAe) 




h 




X e GLi > , 



tctJ}, where s(^) 



Wn^g~^w~^. Thus, M ~ GL^ x S02m+i- Take P = MN, to be the standard 
(with respect to (B,T)), parabohc with Levi component M. Then 



N 



'I X Y 
I X' 
,0 7 



Y + e{Y)^XX'}, 



where X' = —W2m+i^^Wn, and e{Y) = WnYwn- 
We denote 

(1.1) Y + e{Y) ^XX'. 

Note that if (X, F) is a solution to (1.1), then 

gYe{g)-' + e{gYeig)-') = g{Y + e{Y))e{g)-' 
= {gX){X'e{g)-') = {gX){gXy. 
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Thus if there is a solution to (1.1) for Y, then there is a solution for every 
element of the orbit of Y under s-twisted adjoint action of GL^- 

Also, if r G GLn{F), and {X,Y) satisfies (1.1), then F'^ + e{Y-^) = 
Y-\Y + e(F))e(F"i) = Y~^XX'e{Y)-^ = {Y-^X){Y-^Xy. So the 
conjugacy classes for which (1.1) has a solution is closed under inversion. We 
let Af be this collection of £-conjugacy classes. 

/ /.A 

We fix Wo = I (— l)"-^2m+i I • Then wq represents the unique 

Vn J 

non-trivial clement of the Weyl group W(G,A). Let N be the unipotent 
radical opposite to N. 

/I X Y' _ 
Lemma 1.1. Let u — \ I X' | e N. Then w^^u e PN if and only if 

\0 / 

Y G GLn, in which case 
(1.2) 

'eiY) -Y-'X ^" \ / 0^ 

wq^^I - x'Y-^x) (-i)"X' (y-ix)' / 

Y J \ Y-^ Y-^X 

Proof. This is a straightforward matrix calculation. □ 

Corollary 1.2. // {X,Y) is a rational solution to (1.1), with Y G Gln{F), 
then (-1)"(/ - X'Y-^X) G G{m). 

We fix t' G "E{GLn{F)), and r G °£(G'(m)), where °E{H) denotes the 
equivalence classes of irreducible admissible unitary supercuspidal represen- 
tations of a reductive p-adic group H. We set V{s, r' ® r) to be the space 
of the induced representation, Indp((r' ® \ det( ® r) = /(s, r' ® r). We 
wish to determine the reducibility of /(s,r' (8) r), and thus, we may assume 
that (r' ® r)"'° ~ r' ® r. This is equivalent to f' ~ r', with f' the smooth 
contragredient of r'. Let \^(s, r' Cg) r)o be those elements of V (s, r' ® r) which 
are compactly supported in N mod P. We fix / G ^(s, r' r)o, with 

7 0^ 

X'e{Y) I I 1 = eL(l^-')eL'(^"'^) -v'^v, 

Y-i Y-^x r 
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for some v' G K-', ^ K, L^L' compact subsets of M„(F), Mnx2m+i{F), 
respectively, and ^i, are characteristic functions. Note that such functions 
span V{s, t' (g) r)o over G. 

Fix v', V in V,-/ and Vr, respectively. Let 

iJr'ig) = {v', r\g)v'), geGLniF), and 
f-rih) = {v, T{g)v), for h E G{m). 

We are interested in examining the standard intertwining operator 
A{s, r' (g) r, wo)f{g) = j f{wQ^ng)dn. 

N 

We need only examine poles of s i— A{s, t'^t, Wo)f{e), (Lemma 4.1 of |Sh2] ) 
for / G V{s,t' ® t)q. Note that, for our choice of / as above 

(1.3) {v'0v, A(s,r'®r, wo)f{e)) = 

I (5(r))A((-l)"(/ - X'Y-'X))\ det YrZ-^^'^kiX, Y)diX, Y) 

with ^{X,Y) = ^l{Y-^)^l'{Y~^X). Here {X,Y) is taken over all solutions 
to (1.1) with Y G GLn{F). 

Lemma 1.3. Suppose {X,Y) is a rational solution to (l.l). If {Xg){Xg)' = 
XX', for some g G GL2m+i{F), then Xg = Xh, for some h G S02m+i{F). 

Proof. The proof is essentially the same as Lemma 4.1 of [Sh3] . Lemma 3.1 
of [risi], and Lemma 2.1 of [GS2]. □ 

We have already seen that \i g E GLn{F), and {X,Y) satis- 
fies (1.1), then so does {gX, gYe{g)^^). Hence the orbits {X} G 
GLn{F)\Mnx2m+i{F)/ S02m+i{F). Parameterize the e-conjugacy classes for 
which (1.1) has a solution. We say, in the case {X, Y) satisfies (1.1) that {X} 
parameterizes Replacing X with gX leaves (— 1)"(/ — X'Y^^X) un- 

changed if we replace Y with gYe{g)~^. 

If Xi = Xh, with h G GL2m+i{F), then by Lemma 1.3 we may assume 
h G S02rn+i{F). Then XiX[ = {Xh){Xh)' = XX', so {Xh,Y) is also a 
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solution to (1.1), and 

(-1)"(/ - X[Y~^Xi) = (-1)"(/ - {Xh)'Y-\Xh))) = 

(_!)-(/ _ {-W2n+l'h'XWnY-^Xh)) = 

(-1)"(/ - h-\-W2m+l 'XWnY-^X)h) = /^-^((-l)"/ - X'Y-^X)h 

so the conjugacy class of (— 1)"(/ — X'Y^^X) is unchanged. 
The following is now clear. 

Lemma 1.4. Suppose {Xi\, with Xi = gXh parameterizes {Y^^}, with 
Fi = 9YEig)-\ (and h G GL2m+iiF)). Then X^ G GL„(F)X502„+i(F). 

Lemma 1.5. Suppose {X,Y) satisfies (1-1) withY invertible. Then 

(a) (/ - X'Y-^X)X' = -X'Y-^e{Y-'); 

(b) X{I - X'Y-^X) = -e{Y-^)Y-^X. 

Proof. The proof is in essence that of Corollary 3.2 and Proposition 5.4(b) 
of [SEH], Lemma 3.3 of [GM] or Lemma 2.3 of [SS2] □ 

Lemma 1.6. Suppose X G Mnx2rn{F), and U = F"X. Let Hx = {h e 
S02m+iiF)\Xh = QhX for some G GL„(F)}. // {0} CU C F^^+\ then 

HxCS02m+l{F). 

Proof. Suppose h G Hx- Let u & U, and choose v G -F", with u = vX. Then 
uh = vXh = VQhX G U. Thus, U is ifx^invariant. If Hx = S02m+i{F), 
then we know f/ = {0}, or f/ = F^^+i. □ 

Lemma 1.7. //{X} G GL„(F)\M„x2™+i(F)/^02^+i(F), andiX,Y) satis- 
fies (1.1), thenX{I-X'Y-^X) = -e{Y-^)Y-^X, and (I- X'Y'^X) G 
Hx. 

Proof. This follows from Lemma 1.5 and the definition of Hx- □ 

Lemma 1.8. Fix X G M„x2m+i(i^) and let U = F"X. Consider F^"'+^ 
as a symmetric vector space with respect to W2m+i ■ If U is non-degenerate, 
then the right stabilizer H'-^ of U in G{m) is the stabilizer of an involution 
of02m+i{F). If U is degenerate, then H'-^ is contained in a proper parabolic 
subgroup ofG{m). 

Proof. The argument is the same as the corresponding statements of Lemma 
4.5 of [Sh3], Lemma 3.6 of [GST] . and Lemma 2.7 of jGS2]. □ 
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2 The norm correspondence and the case n = 

2m + 1 



Definition 2.1. Let {Y ^} be an e-conjugacy class in Af. Denote by 
N^{{Y^^}) the conjugacy classes {(—!)"(/ — X[Y-j^^Xi)} for all solutions 
{Xi,Y[) to (1.1) with Ff ^ e {y~^}- This correspond ence is finite to one. 

Proposition 2.2. Supposen < 2m, and X G Mnx2m+i{F). Fix an invertible 
Y with iX,Y) a solution to (1.1). Then (-!)"(/ - X'Y'^X) belongs to a 
proper parabolic subgroup or a proper centralizer of a singular element of 
02m+i{F). Furthermore, {N^{{Y~^})} is never regular elliptic. 

Proof. Since n < 2m, and X G M„x2m+i, we have F"X C ir2m+i^ ^^ms 
by Lemma 1.5(b) and Lemma 1.7, we have the first resuh. Since (— 1)"(/ — 
X'Y~^X) has at least 2m + 1 — n eigenvalues equal to ±1, the second result 
follows. □ 

Lemma 2.3. Suppose S G M2m+i{F), with —{I + S") G G{m). Then 
there is some Y G GL2m+i{F) and a projection X G M2m+i{F) with 
S = -X'Y-^X = Y~^X = -X'Y-\ 

Proof. The proof follows the arguments given in Corollary 5.7 of |Sh3] . 
Lemma 3.8 of jGSlj, and Lemma 2.10 of pS2]. □ 

Definition 2.4. When {X,Y) satisfies the hypotheses of Lemma 2.2, we say 
that {Y^^} is the canonical section of the norm correspondence of {Z} = 
{-{I - X'Y-^X)}. 

Lemma 2.5. If h & S02m+i{F) , then the dimension of the h-fixed subspace 
in is odd. 

Proof. Let h ^ = l) ^ S02m+2{F). By Lemma 5.8 of |Sh3j . we 

know is even dimensional. Since dim(F2™+2)^o = dim(F2™+i)'^+l, 

and dim(F^™'+^)^° > 2, we have the lemma. □ 

Corollary 2.6. Let h G S02m+i{.F) be semisimple. Then h is conjugate to 

hii hi2 



an element of the form 



1 

h2l h22 



, with each hij G Mm{F). 
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Proof. This follows from h having fixed space of dimension at least one. □ 



Proposition 2.7. Let h G S02m+i{F) be semisimple. Then there is a Y & 
GL2m+i{,F) and an X & M2m+i{F) so that (X, F) satisfies (1-1), and h = 
-{I - X'Y-^X). 





hu 





hi2 




Proof. By Corollary 2.6 we may assume h = 





1 





, with hij 




h2i 





h22 





hu hi2 

^21 ^22 

Yq G GL2m{F) and a projection Xq G M2m{F) with 



M^(F). Let /ic 



G 5'02m(-^)- Then, by |Sh3] . there is a 



/ - X'qYq Xq 



/lo, and 



Let Fn 



Yii Yi2 
Y21 Y22 



Xn X12 
X21 X22 



Xij, Yij, Zij G Mm{F). Note that Xg = - 
So, 



and Fq ^ 



^1X12)' 



Zn Z12 
Z21 Z22 

and eiYo) 



e{Y22) e{Yr2) 
e{Y22) eiY^i) 



Yo + e{Yo) 

= XqXq 

Now, let Y = 



Yu+e{Y22) Yu + i{Yi2) 
Y2i+e{Y2i) Y22 + i{Yu) 

Xii^(X22) + Xi2£(X2i) Xn^(Xi2) + Xi2£(Xn) 

X2ie(X22) + X22£(X2i) X2i£:(Xi2) + X22£(Xii) 



Then 








Yl2' 









Xl2 





-1/2 





and X = 





1 





1^21 





^22 




X21 





-^22 



e{Y22) e{Yu, 
e{Y) = -1/2 
£(^21) eiY^,] 

e(X22) £(Xi2)' 
X' = - 1 

£(X2i) £(Xn) 



and 
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Thus, direct computation shows {X,Y) satisfies (1.1). Furthermore, 



/ + 



as claimed. 



^e{X22) 


hi 

1 

h2i 



e{Xi2 
1 
£(Xn 

hi2 

h 



22 



SO 





Z21 



-{I - X'Y- 



Z12 









Xl2 










1 





^22_ 




_X21 





-^^22 






h, 







□ 



Corollary 2.8. The elements X G M2m+i{F) o.nd Y E GL2m+i{F) can he 
chosen so that X is a projection, and X'Y^^X = X'Y^^ = —Y^^X. 



Proof. We know from |Sh3j that the elements Xq, Yq in the proof may be 
chosen so that Xq is a projection, and X^Fq-^Xo = X'^Y^^ = -Yq'^Xq. 
Then the specified elements X, Y of the proof of Proposition 2.7 satisfies the 
claim. □ 

Lemma 2.9. Let n = 2m + 1. Suppose {Y} G Af and X is a projection 
satisfying (1.1) with Y . Then —{I — X'F^-'^X) determines the semisimple 
part of the conjugacy class of e(Y^^)Y^^ , uniquely. 

Proof. If V is in the left image of X, then by Lemma 1.5(b) 

ve{Y-^)Y-^X = v{-{I - X'Y-^X)), 

While if t;X = we have v{Y+i{Y j) = vXX' = 0, and hence ve{Y-^)Y-^ = 
—V. Thus, the matrix of e{Y^^)Y^^ with respect to a basis respecting the de- 

(I - X'Y-^X)\jmx * 



composition _p2m+i _ j^j^ 
ing the lemma. 



Ker X, is 



prov- 
□ 



Lemma 2.10. Suppose F is algebraically closed, and n = 2m + 1. Let 

{Y} E M he e-semisimple with Y in an e-stahle Cartan suhgroup of GLn{F). 
Then, there is an X E Mn{F) satisfying (1.1) with Y so that —{I — X'Y~^X) 
is semisimple in G{m). Moreover, e{Y~'^)Y~^ is in G{m) and every GLn{F)- 
conjugate of e{Y^^)Y^^ helongs to the image of {Y~^} under N^. 
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Proof. Choose h e G{m) so that Yi = hYh ^ — diag{ai, 02, . . . , a2m+i}- 
Then 

Yl+S{Yi) — diag{ai+a2m+l, (l,2+a2m, ■ ■ ■ , am+(lm+2, 2arn+l5 (lm+(lm+2, ■ ■ ■ , ai+Q2m+l}- 

Set Xi = i diag{ai + a2m+i, 02 + a2m, ■■■,am + am+2, ^/2am+l, 1, 1, • • • , 1}, 
with i — V— 1- Then 

X[ = -i diag {1, 1, ... , 1, y^2am+i, am + am+2, . . . , oi + a2m+i}- 

So 

X,X[^Y^ + e{Y^), 

and 

I—X[Y^ ^Xi = — diagjfl]^ ^a2m+l, ^2 "^'^2m, • • • , am^a„j_|_2! —1, ama„^^2) • ■ • ) '^l'^2m+l}- 

So -(J - XT-iX) = diag{6i,62,...,fc™,l,C...,&r'}, with 6, = 
fli~^'^2m+2-jj i = 1, 2, . . . , m, is semisimple in G{m). 

Let X = /iXi. Then we have 

I-X'Y-'^X = 7- (X(£(/i)-^)/iY'f^/i-^(/iXi) 
= I — X'{Y^^Xi is semisimple, 

proving the first statement. 

We note that Y^^eiYi^) = diag{6i, 62, • • • , 1, i>mi ■ ■ 1 ^i^}, is 
semisimple in G{m). Now choose Y2, an £-conjugate of Y for which there is 
a projection X2 satisfying (1.1) with Y2 so that I — X'Y~^X — I — X'^2^X2 
(Corollary 2.8). 

Then £(y^""^)y^~^ is conjugate to e(Y^^)Y^^ and, by the proof of Lemma 
2.9, e{Y^^)Y^^ has matrix " ^2^2 X2)\imX^ ^^^^^^ 

some basis. As Y belongs to an e-stable Cartan, Y~^e{Y^^) = 6{Y^^)Y^^ 
and thus Y2~^e(Y2^^) and e{Y2~^)Y2~^ have the same eigenvalues. Thus, the 
eigenvalues of —{I — X'Y~^X) ~ —{I — X'^2^X2) which are not equal to —1 
are among those of e{Y^^)Y^^ . Therefore, e{Y-^)Y-^ and -(/ - X'Y-^X) 
are GL„(F)-conjugate. □ 

Lemma 2.11. Let n — 2m + 1 and suppose F is not necessarily algebraically 
closed. 
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(a) Suppose {Y} G A/" «s e-semisimple. IfY satisfies (1-1) with some X for 

which — {I—X'Y^^X) G G{m) is semisimple, then all other conclusions 
of Lemma 2.10 hold. 

(b) The semisimple part of every conjugacy class in is GLn{F)- 

conjugate to {e{Y"^)Y'^} . 

Lemma 2.12. Let Css be the collection of semisimple conjugacy classes in 
G{m), and C the e-conjugacy classes in GL2m+i{F) . Then A^^ : Cgg — > C 
is continuous. 



(This follows in the same manner as Proposition 5.9 of [Sh3] . Lemma 3.16 
of [USI], and Lemma 2.21 of [US2].) 

For any n, we let 6* be the automorphism of GL^ defined by 6*{g) = 
Un ^g~^u~^, with 

/ -1\ 

1 

-1 

Ur, 



Note that Ur 



geWn, with g^ = diag{-l, 1, -1, . . .}. So 9* 



lnt{gg)e. 



Lemma 2.13. 6* preserves a splitting of GLn over F . 



Proof. Let Bq be the Borel subgroup of upper triangular matrices in GL^ 
and Tq the maximal split torus of diagonal elements. Let Xj(t) = tEi^i^i, 
with Ei^i+i the standard basis element of Mn{F). Then (Bq,Tq, is 
a splitting of GLn over F. It is a straightforward matrix computation that 
ei{I + Xi) = I + Xn-u so e* fixes this splitting. □ 

For convenience, we denote GLn by G', and for Y G G', we set G^ y to 
be the twisted centralizer of y in G'. That is 

G',^y = {geG'\g-'YE{g) = Y}. 

liY EG' = G'{F), then we let G'^y = G^,y(^)- 

We note the following result, which is implicit on pg. 273 of |GS1] . whose 
proof is the same as the similar statement on pp 258-259 of |GS2j . 
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Lemma 2.14. We have G'^ ^^y) = y-i = 

Lemma 2.15. Assume n = 2m + 1, that {X,Y) satisfies (1-1), and Z = 
— {I — X'Y~^X). Suppose g G G'^y(F) and there is an h E G{m) with 
gX = Xh. Then h, whose class modulo the right stabilizer of X is uniquely 
determined, belongs to Gz{F). Conversely, suppose h G Gz{F), and {X,Y) 
gives the canonical section over Z . If there is some g G G'{F) with gX = Xh, 
then there is such a g E G'^ ri^)- 

Proof. The proof here is similar to that of Lemma 3.17 of |GSlj . or Lemma 
2.19of[SS2]. □ 

Suppose F = F. Let Tq be the maximal torus of diagonal elements 
of G'. Define iVe.(r) = Ye*{Y). li Y = diag{ai, aa, . . . , a2„^+i}, then 

Ng*(Y) = diag{aia2^^;^, 0,202^, ■ ■ ■ , 1' ■ ■ ■ ^02m+l}- 

Therefore, we have ker A^^. = {diagjai, 02, ... , Om, ctm+i, Om, Om-i, • • • , oi}}. 
Let Yo = diag{ai, 02, ... , a„, y/a„,+i, 1, 1, . . .}. Then Fo^*(^o"^) = (-^ - 
9*)(Yo) = dmg{ai,a2, . . . ,am,am+i,am, . . . ,ai}. ThuskerA^g* = (/-6'*)To. 
Now suppose F is not necessarily algebraically closed. Let Th be a Cartan 
subgroup of G(m), defined over F. Choose a ^*-stable pair (B',T'), of 
GL2m+i with T' defined over F such that there is an isomorphism Th —>■ T'q, 
defined over F. 

Lemma 2.16. When n = 2m + 1, the map Y Y9*(Y) from T' to T' has 
(T')^* = {t\9*{t) = t} as its image, can be identified with the projection of 
T' onto Tg, and is defined over F. 

Proposition 2.17. Suppose n = 2m + 1. The norm correspondence 
agrees with the negative of the norm map of Kottwitz and Shelstad IKS^ on the 
intersection of N' with the strongly e-regular e-semisimple conjugacy classes 
in GLn- 

3 The cases n = 2m, and n > 2m + 1 

In this section we extend the results of Section 2, first ton = 2m, and then to 
n > 2m + 1. We begin by proving the e-norm is surjective on the semisimple 
classes, when n = 2m. For now we always assume n = 2m. 
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Lemma 3.1. Let h G G{m) he semisimple. Then there is aY & GLn{F), and 
anX e M„x2m+i(i^) with Y + s{Y) = XX', so that {h} = {I - X'Y'^X}. 



Proof. As in the proof of Proposition 2.7, we may assume h 



hu hu 
1 

h21 /l22 

and Xq = [Xi X2] as in Proposition 5.9 of [Sh3j, with Yi G Mm{F), and 
Xi,X2 G M„xm(F). That isho = I- X^F-^Xo. Now set X = [Xi X2] G 



with hij G Mm{F). Let Hq 



hn hi2 
^21 ^22 



in 502m(i^). Pick Y 



Mnx2m+iiF). Note that X' 
thermore, 



X^ 




and XX' = XoX^ = Y + siY). Fur- 



/ - x'y-^x 



x'' 





'X'^-^Xi x^r^^Xa 


x[Y~^Xi X^r^iXa 

and direct comparison, we see / — X'Y^^X = h. 



F-^[Xi Xi 



□ 



Lemma 3.2. Suppose F is algebraically closed, and n = 2m. Let Y G 
GLn{F) be e-semisimple and in an e-stable Cartan subgroup. Then there 
is an X E M2x2m+i{F) satisfying (1.1) with Y for which (/ — X'F~^X) is 
semisimple in G{m). 

Proof. Let T' be an e-stable Cartan containing Y . Let T'^^ = 

%1 Ai2\ /A A \ 1 

1 e T' V with each Ai. G M„(F). Let : 

. A2. A22) ^^^^ J 

T' T'l be the obvious map. Then e{(p{A)) = ip{e{A)), and thus T'^ is 
^-stable, and hence e-stable. By Proposition 2.7 there is an Xi G M2m+i{F) 
satisfying (1.1) with (p{Y) so that I — X[ip{Y)~^Xi is semisimple. Then, the 
proof of Lemma 3.1 shows there is an X G Mnx2m+i{F) satisfying (1.1) with 
Y so that / - X'F-^X = / - X'ipiY)-^X is semisimple. □ 
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Corollary 3.3. (a) If F is algebraically closed and (f is as in the proof of the 
Lemma 3.2, then every GL2m+i{,F) conjugate of (p[e{Y^^)Y^^] belongs 
to the image of {Y~^} under N^. 

(b) Suppose F is not necessarily algebraically closed. If there is an X ^ 
Mnx2m+i{F') satisfying (1.1) with Y for which I — X'Y~^X is semisim- 
ple, then all of the above conclusions hold. In particular the semisimple 
part of the conjugacy classes in Ns{{Y~^}) is GL2m+i{F) -conjugate to 



Here we again choose a Cartan subgroup Th of G(m) defined over F. 
By Lemma 2.16 and composing with (p, or by the above (or by |Sh3] ) we can 
choose a 6'*-stable pair (B', T') of GLn{F) with Th — > Tg, defined over F. 

Lemma 3.4. (a) The map Y ^ Ye*{Y) from T to T has {Tf* as its 
image, and can be identified with the projection of T' onto Tg, . 

(b) : Css — ^ C is continuous. 
Proof, (a) This was shown in [Sh3j . 

(b) This follows from Lemma 2.12 and composing with 99. 



Proposition 3.5. The map ip o Nq^ agrees with the norm map of Kottwitz 
and Shelstad. 

We now consider the case n > 2m + 1 , and n of any parity. 

Lemma 3.6. Ifn > 2m + 1, then the image of the e-norm map : ^ C 
contains all the semisimple classes. 



with j = . Then the argument of Corollary 3.3 of [GSlj applies. If n is 

even, then we embed G(m) ^ G{n) as above. We can choose Y G GLn{F) 
and Xq G Mn,n+i{F) so that / — XqY~^Xo = hi. By the proof of Lemma 



^{-e{Y-')Y-'). 



□ 



Proof. If n is odd, we inject SO' 



2m+l 
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3.2, we can take Xq = [Xi X2], with G M". Take Xi = [Au A12], and 
X2 = [A21 A22]- Now, taking 

X= [A12OA21] GM„x2m+l(i^) 

and comparing the block forms of / — XqY^^Xq and / — X'Y~^X, we see 
that / - X'Y~^X = h. □ 



4 Poles of intertwining operators 

We now use the results of §2 and §3 to determine the poles of the operators 
A{s, t' (g) r. Wo), and compute their residues. 

Proposition 4.1. Suppose n = 2m or n = 2m + 1. Further suppose that the 
6-conjugacy class {Y"^} is e-regular. Then Nir{{Y^^}) consists of a single 
regular semisimple class in G = G{m). If we assume that Y-^ and e{Y-'^) 
commute (i.e. —Y~^e{Y~^) {n = 2m + 1) or —{p{Y~^e{Y~^)){n = 2m)), is 
in G) then the converse holds, i.e., if N^{{Y~^}) is regular semisimple, then 
{Y^^} is e-regular and e-semisimple. 

Proof. For n = 2m the statements of this proposition follow from Proposi- 
tion 4,1 of [GSlj . or |Sh3] . by composing with the embedding y?: S02m ^ 
S02m+i- Thus, assume n = 2m + 1. Then we know, from the proof of Propo- 
sition 2.7, that we may choose Yi, e-conjugate to Y, and Yq ^ GL2m{F), 
so that —Y^^e{Yi)^^ = —ip(Y(^^e{YQ''^)) and hence, by the above, we 
have Yf^e{Y-^-^) is regular and semisimple. Thus, so is Y ^e{Y ^) which 
is G'L2m+i(-^)^conjugate to Yf^€{Y'i~^). Choosing 1^2,-^2 with X2 a pro- 
jection and 1^2"^ which is e-conjugate to Y~^ (and (X2, Y2) a solution of 
(1.1)), we may assume / — X2y2~^^2 = I — X'Y~^X. As in Lemma 5.10 
of |Sh3j ■ we see that the eigenvalues of ^2~^^(^2~^) different from 1 are 
among those of the semisimple part of J — X2F2~^^2- But Y~^e{Y~^) is 
G'L„(F)-conjugate to e(Y~^)Y~^, so the eigenvalues of Y2'^e(Y2'^) and those 
of e(Y2~^)Y2~^ are the same. Thus, by Lemma 1.5, the eigenvalues of the 
semisimple part of / — X2F2^^^2 are among those of — £:(y2^^)^2^^- There- 
fore, the semisimple parts of / — X'y~^X and —e{Y^^)Y^^ are GLn{F)- 
conjugate. Since —e{Y^^)Y^^ is G'L„(F)-conjugate to a regular element 
in G{F), we see / — X'Y^^X must also be regular and semisimple. Now 
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suppose Y + e{Y) = XX', and Y-^e{Y-^) e G{F) = S02n+iiF), and sup- 
pose Xe({y^^}) contains a regular semisimple class {/ — X'F^^X}. Then 
by Lemma 1.5(a) and Lemma 2.9, the conjugacy class of — (/ — X'Y^^X) is 
completely determined by the semisimple part of —e{Y^^)Y^^ G G{F). Con- 
versely, Lemma 2.9 shows that — (/ — X'y~^X) determines the semisimple 
part of the conjugacy class of Y~^e{Y~^), uniquely. Since {/ — X'y~^X} is 
regular semisimple, and Y~^e{Y^^) G G{F), then we must have Y'^e{Y'^) 
is regular and semisimple. Therefore, must be e-semisimple, as in the 

proof of Proposition 4.1 of |GS1] . □ 

Corollary 4.2. For n > 2m + 1, and almost all regular elliptic conjugacy 
classes {h} G G{m), the collection N~^{{h~^}) of e -conjugacy classes pa- 
rameterized by {h} is a unique e-regular, e-conjugacy class in GL2m+i{F) . 

Proof. By the proof of Corollary 2.2 of |GS1] . and the proof of Proposition 
2.7, for almost all regular classes in G{m), there is a choice of 12 G GL2m+i{F) 
satisfying (1.1) with X2 = hm+i, and J-X^Fa'^-^a e {h}. Thus, F2+^(>2) = 
^2m+i = —W2m+iU!2m+i = —hm+1- By Propositiou 4.1 the e-conjugacy class 
of Y2 is e-regular, and uniquely determined by h. Now if n > 2m + 1 is odd, 

we take X = | l2m+i e M„x2m+i(-^) so X' = (0, -hm+i, 0) and 
/ 

/O 0^ 

XX' = -hm+l 

\0 0. 

Taking Y = \ Y2 | , so e{Y) = | 5(^2) | , we have Y + 












hm+l ~ X'y ^X — /2m+l — (0, — /2m+l, 0) 




II 










\ / 



/-(O -Y^^ 0) |/2^| =/ + F2-i = /i. 
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Thus, we need to check that for almost all Y2, the class of Y satisfying (1.1) 
is, up to G'L„(F)-conjugacy, given as above. 



Note that Ker XX' 



and Im X' 




ai G FM, with j 



n — {2m + 1) 



Furthermore, we note that Y ^ 



(and hence Y) acts semisimply on the image and kernel of XX'. Thus, 
Y = diag(Ji, Y2, J2), with Ji, J2 G Mj{F), and 



Y + e{Y) 



/■Ji 



V 



e(J2 



Y, 



e{Y2. 



J2 



e{Ji 



Therefore, diag(Ji, J2) is e-skew symmetric, and Y2 +£(1^2) = -^2-^2 
hence up to G'L„(F)-conjugacy, Y is as above. This proves the claim for n 
odd. 

Now suppose n is even. By |Sh3] . for almost all regular elliptic conju- 
gacy classes {hi} in S02m{.F), N^{{hi}) parameterizes a unique e-conjugacy 



class {Y^ } G GLn{F). Then we see that h 



f'21 



hn hi2 
^21 ^22 



N f 

j) parameterizes {Y^ ^} = {f^iY ^)} = \ | 
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■22, 



c 



G(| + 1), and by the above this is unique for almost all hi. Thus, there 
is a unique {V^^} parameterized by {/i}, for almost all {h}. □ 

Lemma 4.3. Let a G (F^)^ and choose A G with = a. Let 

aQ = diag(aJm, A, Jm). Then for any {7'} G A^, we have N^{{a'j'}) = 
ao^N,i{-f'})ao. 

Proof. Note that if = al2m, then = aoe{ao) = aoe{ao)~^. Thus, if 
Y~^ G {7'} and {X,Y) satisfies (1.1), then we have 

aY + e{aY) = Xa" X' = Xaoe{ao)~^X' = (Xao)(^ao)' 
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so N,{iaY)-'} = iV({«-iy}) = 

{/ - {Xaoy{aY)-\Xao)} = {I - a-^e{ao)-\X'YX)ao}. 



aim/ \ In 

Thus, N{{a-^Y-^}) = aQ^N{{Y-^})ao and therefore N{{aY-^}) = 
aoN{iY-')}a,\ □ 



Let Css be the collection of semisimple conjugacy classes in G = G{m). 
Suppose n = 2m. Let T be a Cartan subgroup of G(m), defined over F. We 
may choose a ^*-stable Cartan T' of GLn and an isomorphism Tg ~ v^(T) 
defined over F, as in |Sh3] . Thus, Tg ~ T is defined over F as well, and by 
|KS] this isomorphism induces the image map ^G(m)/GL„ between Css and 
^*-semisimple 6'*-conjugacy classes in GLn- Again by |Sh3] . we see that 



T' 




commutes on strongly ^^*-regular elements of T'. So 



T' 




also commutes. 



^ T ^ T'ge* 



In the language of |KSj we see that h = m ^ when we take ifj = 1. 

Now, if n = 2m + 1, then the map Tg* ~ T is again defined over F and 
so the above diagrams are again commutative. 

Lemma 4.4. Let T be a Cartan subgroup of G(m) defined over F. Then 
there is a 6*-stable Cartan T' of GL2m (respectively GL2m+i) such that the 
diagram 



20 



Commutes up to a sign on all 6* -strongly regular 9* -semisimple elements of 
T'(F). Furthermore T ~ T^* induces the image map Ag/g'- If ^* ^ T' is 
9* -strongly regular, then Cente* {6*,G') ~ (T')^*. 

Proof. All statements follow from the above observations, except the last. 
This follows from Lemma 4.4 of [GSlJ . or the argument therein as appropri- 
ate. □ 

In order to compute the residue of the intertwining operators, we will need 
to integrate over twisted conjugacy classes in J\f. We have seen that, up to 
a set of measure zero, these are parameterized by regular semisimple classes 
in G, i.e. Css- Fix a representative T for each conjugacy class of Cartan 
subgroups of G defined over F. Fix c/7 to be a Haar measure on T = T{F). 
Then by Lemmas 2.16 and 3.4, along with Lemma 4.4, the Jacobian of the 
open inversion of pg. 227 of [A], with the measure \W(T)\~^\Dg*{'y')\d'y, as 
T ranges over the conjugacy classes of Cartans, provides a measure on J\f 
(where {7} G Ng*{{'y'}), for each regular {•y'ge*} in Af). Here 

De4l') = det(Ad(7') o 9* - l)\G/Ge*,Y, 

is as given in [KSj . As in previous cases, the constant |iy(T)|~-^ is suggested 
by the Weyl integration formula. Now, by Lemma 4. 5. A of |KSj . the function 

«^i({7},{7'}) = l^.*(7)l/l^(7)l 

is bounded on {{{Ng*{{j'})}, {7'})}. Assume {7} is regular and semisimple. 
Define 



«^({7},{7'}) 



'«i({7}, {7'5'r^}) if {7} e Ne{{-f'}) and 7' is e-regular 
otherwise. 



For each regular semisimple conjugacy class {7} G Css, let ^({7}) 
{{aj'}\a G {7} G N^di-f')"^})} . Now set 



A({7},W}) 



co'iaM{^},W}) if{7}eiv,({(7')-^}); 

otherwise. 
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For Y eG' and /' G C~(G")> we let /') be the associated twisted 

orbital integral, 

^e= j f{g-'Ye{g))dg. 

Similarly, for 7 G G, and / G C°°{G), we let 

*(7,/)= J f{9~h9)dg 

G/G-i 

be the associated orbital integral. We also let 

$,M({7}), /') = Yl ^({^}' {7'})$.(7', /'), 

{7'}6^({7}) 

for any / G C°°(G"). 

The residue of A(s, r' ® t,wq) at s = will decompose into two parts. 
As in |GSll IGS2j , the main part of this residue will come from regular el- 
liptic elements via the Weyl integration formula applied to the class func- 
tion $e(^({7}), /'), giving a pairing between characters of representations 
of G{m) and e-twisted characters of e-stable representations of GLn{F), and 
we return to this in Section 5. To be more precise, the contribution from the 
regular elliptic classes is of the form 

RGifrJ') = J2fim)\W{T,)\-' I <f({7},/.)*.(^({7}),/')l^(7)M7, 

where {Tj} runs over the conjugacy classes of elliptic Cartan subgroups of 
G = G(m), and Tj = Ti(F). For each i, /i(Tj) is the measure of Tj, and 
due to the definition of A and the fact that the norm is onto the semisimple 
classes, we see that this is an integral over e-conjugacy classes in M . 

We now discuss the convergence of Rcifr,/')- The steps we follow are 
analogous to those of [GSlj . A new feature, however is the treatment of a 
case of the form M ~ GLn x S02m+i, with n even. Clearly, we need to show 
that, for any elliptic torus T of G(m), the term 

J $(7,/.)$eM({7}),/')l^(7)M7 

T{F) 
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is convergent. By Theorem 14 of |HClj . |D(7)|^/^$(7, /,-) is bounded on 
Treg(F), the intersection of T(F) with the regular set of G. Thus, we need 
to estabhsh the convergence of 

j ^M{{l})J')\D{l)\'''d^, 

T(F) 

which is then imphed by the convergence of 

(4.1) I \Mc^yj')M{^},W})\Dm'^'dj, 

T(F) 

for any a G (F^)^\F^. 

Note that Wn = QeUn = UnQe, where 

ge = diag(— 1, 1, —1 ... — 1) if n is odd and 
= diag(l, — 1, 1, . . . , — 1), when n is even. 

Then, (4.1) can be rewritten as 

(4.2) I 1$,* (Y, Rg^af) \\Do* (Y) 1 1^(7) r'/'^7 

T(F) 

iVe.({7'}) = {7} 

As $e* is a tempered distribution, we have $e. (7', /')|De.(7)|^/^ is bounded 
on the intersection of Tg. (F) with the ^*-regular elements of GLn{F). (See 
[Cll IHCl] .) Now, since Lemma 4. 5. A of |KSj gives the boundedness of 
/ti({7}, {7'})"'^/^, we see (4.2) must converge. 

In order to resolve (1.3), we integrate first over the orbits of un- 
der M = G' X a. Note that, for {g,h) G M, d{{g, h){X,Y){g, h)-^) = 
d{gXh-\gYe{g)-^) = | det '''"^^(A:, F). So setting d*{X,Y) = d{X,Y) ■ 
IdetFl"^'''"^ we have d*{gXh-\ gYe{g)-^) = d*{X,Y). As in [GSl], we 
write d*{X, Y) as the product of two measures, dl{X, Y) and d^i^X, Y), with 
the first giving the integral over the orbit of {X, Y) in A^, and the second 
integration over all such orbits. The discussion of Section 1 shows that 
d*2{Y-^X,e{Y)) = d*2{X,Y). As d*{X,Y) and rf^(X,F) are M-invariant, 
so is dl{X,Y). 
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Let A"^ be the stabilizer of {X, Y) under the action of M. Then 



= {{g, h) G M\g e G'.^y, Xh = gX). 

Then, direct computation, as in the proof of Lemma 2.15 shows h G Gz{F), 
with Z = (— 1)"^(J — X'Y~^X). For convenience, we abuse notation and 
view A^ as a subgroup of both G'^ y Gz{F), by its projection onto its 
components. 

Let d5 be a measure on A^, and fix measures dg,dh on GLn{F) and 
G(F) so that dl{X, Y) is the quotient of dgdh by dS. Now consider the map 
{g,h) (-^ {gXh^^, gYe{g)~^), from M to the orbit of {X,Y). We change the 
orbit representative, to {Y~^X,e{Y)), which has the effect of changing {g, h) 
to {gY^^, h). Therefore, dg and dh remain unchanged by this transformation. 
Also, acting by {Y~^,I) on {g,h) conjugates the stabilizer A^ of {X,Y) to 
(y, /)A^(y~^, /), and thus this change of variables leaves d5 unchanged. Now 
dl{Y-^X,eiY)) = dl{X,Y), and thus d*{X,Y) = d*{Y-^X,e{Y)). Now we 
consider (1.3) and make the above change of variables, 
(4.3) 

J ^,,(£(r))/,((-l)"(/-X'F-^X))|detF|^^a(>^-')eL'(>^"'^)c?*(^,>^) 

= J My)fr{{-mi-X'Y-'X))^L{e{Y)-')^LiX)\detY\^d*iX,Y). 

Let uj' be the central character of r'. Then cu' is quadratic, and we may 
choose /' e C~(G") so that 

Mg')^ I nzg')u\z-')d^z. 

Z{G') 

With this substitution, (4.3) becomes 
(4.4) 

j I /'(zy)u;'(z)A((-i)"(/-x'y-^x))|detyreL(£(y-'))a'(^)^^*(^,n^"^- 

FX (x,y) 

Now we consider the map from the M-orbit of {X, Y) to G'/A^ x A^ \G, 
given by 

{gXh-\ gYe{g)-') ^ gA' x A^/i. 
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Then the fibers of this map are homeomorphic to XA^. The contribution 
from the M-orbit of (X, Y) to (4.4) is then 

4^{s,Z)= Yl ^'(") J J J fi^9Ye{g)-')fr{h~'Zh) 
■\det{gYe{g)-')\'dgdhd{Xho) j ii{z'^gYe{g)-')^L'{z-^ gXh,h)\det z\-^'d-' z, 

Z{G') 

where L = e{L). Note that here (as in [GSlj ) we have suppressed the de- 
pendence of ip on the parameters X, Y, /', /,-, L, and L'. Considering A"^ as 
a subgroup of G'^ y (see above), we get 

^(.,z)= ^'(") / / / /■ 

ae{Fx)2\Fx ^ Gz\GaoeG^,y/Av XGz 

f'{agYe{g)-')frih-'Zh)\ dei{gYe{g)-^)Y dg dhdg.dXho ■ 
(4.5) j ii{z-^gYe{g)-')iL'{z-^gg^Xh^h)\ det z\-^' d-^ z . 

Z{G') 

Let $,,,(ay,/')= j f\agYe{g)-^)\det{gYe{g)-^\''dg. Certainly, 

\mi^se{.OiY, f) = $e(ay, /') = / f'{agYe{gy^)dg is a twisted orbital 
s^O ' J 

integral. 

Suppose n = 2m + 1, and (F, /) is a solution to (1.1). Then Z = — (/ — 
I'Y) = -(J + y-i). Note that, if ^ G G^y, then, as Y + e{Y) = -I, we have 
-/ = giY + s{Y))sig)~' = -ge{g)~\ so g E G. Thus, G'^^y = Gz{F) ~ A^. 
We then set 

^lj{s,z) = Y^\a) j j j f\agYe{g)-')U{h-'Zh)\<lei{gYe{gW ■ 

" G' /G'^yGz\GGz 



Z{G') 

In this case, ?/'(s, z) = ip{s, Z). 
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Lemma 4.5. Let n = 2m + 1. Assume Y is e-regular. Then ip{s,Z) con- 
verges absolutely for Re s > 0. Further, suppose (F, J) satisfies (2.1), i.e., for 
almost all twisted conjugacy classes in Af. Then 'il}{s,Z) also converges ab- 
solutely for Re s > 0, and there is a function Ez{s) = E{s, z, Y, fr, f, L, L'), 
which as a function of s is entire, such that 'ip{s, Z) = Ez{s) if Z is regular, 
non-elliptic, and 

^{s,Z) = Ezis) + 
J2 ^'(«) ■ ^Uc^Y, f'MZ, /.)/i(Gz(F))g^(^'^)^L(l, 2ns) 

o6(Fx)2\Fx 

for Re s > if Z is regular elliptic. Here, b{Y, Z) is an integer depending on 
f^-, /', L, L' , as well as Y and Z . In particular, 

ResiPis,Z) = {2n\ogq)-'y2^'(^)'^e{aYJ')^Z,fr)fi{Gz{F)), 

s=0 ' 

a 

if Z is regular elliptic, and Kesipls, Z) = if Z is regular but non-elliptic. 

Proof. (This is as in |GS1] ). We prove the lemma when X = I. The con- 
vergence of ip{s, Z) will follow from this. Recall that we have fixed L and 
L' to be basic neighborhoods of 0. Since f'{agYe{g)^^)C,i{z^'^gYe{g)^^) = 
unless gYe{g)~^ e z'^L fl a^^ supp(/') for some a, the argument used in 
[Sh.2\ \Sh.3\ \G1\ \G2\ shows that | det z\ is bounded below, and the bound 
depends only on L and /'. Now the semi-simplicity (respectively e-semi- 
simplicity) of Z (resp. Y) implies the integrand in (4.6) vanishes for g and 
h outside compact sets S{g) C G'/G'^y — Gz\G. Then S{g) and 

S{h) depend on Y, Z, fr and /'. 

We may consider only Hq (in the integrand of (4.6)) within the con- 
nected component of Gz, and since Z is semisimple, we may assume 
ho = (ai, 02, ... , am, 1, a^^, • • • , a^^) is diagonal. 

If ^L'{z~^ghhoh) ^ 0, then, by the above observations, z~^hQ is contained 
in a compact set in Mn{F). Thus, for some n, \z~^ai\ < k, \z~^a'^'^\ < k 
and l^""*^! < K, which we rewrite as \z\ > n, \zai\, \za^^\ > k. Let T be the 
compact part of Gz- Then, by compactness of S{g), S{h) we know there is 
some Ki, such that if \z~^\, \z~^aj'^\, \z~^ai\ < ki, then S (g) z~^ hoT S (h) C 
L'. Clearly, ki > n. So now, fixing such a z, we may integrate first over 
T in the first integral of (4.6), and thus the integral over Gz is replaced 
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by $(Z, /t-). Note, as r is supercuspidal, $(Z', /^) vanishes unless the spht 
component of Gz is trivial, i.e., unless Gz is compact. 

Let 7] be the lower bound on \z\ given by /' and L. If k > 77 we use k 
instead of 77. As ki > k, and | | is discrete, we may assume ki/h = g"*^ 
for some integer k >0. Then \zu~''zai\ > ki, \iu~''za~'^\ > k, and Izu'^'z] > 
TjKi/K > 7]. Thus, for all z with \z\ > rjKi/K,, both and ^l' have value 1, 
and we can then integrate over all z = P'OJ~'', with /3 G 0^ and over all Gz 
we get 

(4.7) Yl ^'i^MZ, f ) ■ J2 q-'^'^'K^) 

a(^(F^)'^\F^ K>i 

where = t]k,i/k, and 

= /i(T) n / 



* g-(fe-d)<|Q.|<g{fc-d) 

with /i(T) the measure of the compact part T of Gz, with d given by q'^ = ki. 
As the series converges for Re s >> 0, so does (4.7). If Gz is non-compact 
(i.e. Z is non-elliptic). Then ^{Z, fr) = 0, and hence (4.7) vanishes. All that 
remains is an integral over rjni/n > \z\ > rj, which gives an entire function 
Ezis). □ 

Corollary 4.6. If n = 2m, and Y is strongly e-regular, the statement of 
Lemma 4-5 holds. 



Proof. We only need to note the argument of the lemma holds for X = 
[in /„] . If F is e-regular, then y is a torus in S02m{F)- Let Zq be the 
element I-X[^Y-^Xo of S02m{F) given by Lemma 4.5 of [GST]. Then G'^ y = 

All hu\ 

H^q(F), with H = S02m- Now, under the map /i 1— > | 1 , we 

\/l21 /l22/ 

see that ii g E G'^ vi-^)^ then ip{g) G G<^(^o)(F) = G^(F), in this case. Thus 
Gz{F) contains the torus (piG'^y)- But as Y is strongly e-regular, Z is 
strongly regular, and hence G^(F) is also a torus. As ipiG'^y) is a torus of 
the appropriate rank, Gz{F) = ip{G'^y). Now, the argument of Lemma 4.5 
holds verbatim. □ 
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Corollary 4.7. Let T be a Cartan subgroup of G. Denote by T' the subset 
of regular elements of T = T{F). Let Q be a compact set ofT'. Then given 
fr,f',L, and L', b = b{Y, Z) and Ez can be chosen independently ofY and 
Z for all Z in Q. 

Proof. The corollary to Lemma 19 of |HClj implies that the compact sets 
S{g) and S{h) in the proof of Lemma 4.5 can be chosen independently of z 
in Q. □ 

In calculating of the residue we now integrate over all M-orbits in A^. 
We accomplish this by integrating over all e-regular e-conjugacy classes in 
A/". We first assume that n = 2m or n = 2m + 1. We then must integrate 
ip{s, Z) under the M-orbits in N. We have shown that almost all such orbits 
are parameterized by e-regular conjugacy classes in J\f. Thus, by removing 
a set of measure zero from these orbits, we may integrate ip{s, Z) over ir- 
regular e-conjugacy classes in M. Then, by Proposition 4.1, Z = N^{{Y^^}) 
is regular and semisimple in G{F). 

Let {Tj} be a complete set of representatives for the conjugacy classes 
of Cartan subgroups of G defined over F. We now must integrate over M, 
but we may instead use Propositions 4.1, 3.1, and 2.7 to integrate over IJ^ Tj, 
using the measures 



Now, suppose n > 2m + 1. By the proof of Corollary 4.2 we may, for almost 
all {Y} G J\f, choose a representative diag{Ji, g, J2), with g G GL2m+i{F) 
either e-regular, or the image under ip of an e-regular element. Further, 
diag(Ji, J2) is e-skew symmetric. We may also assume 



with J = n^i^, if n is odd, and X has a similar form with hm+i replaced 
by [im Im] for n even. In this case, outside of a set of measure zero, the 
classes in A/" form a fiber bundle with finite fibers coming from the twisted 
conjugacy classes of possible choices of diag (Ji, J2). The base of the fiber 
bundle is parameterized by e-conjugacy classes in GL2m+i{F) such 



\W{T,)r'K^{H},H})\D{^,)\dJ. = |W^(T,)|-i|D,.(7:)M7.. 
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that Y is the G'L2r„+i(F)-component of an F-rational solution to (1.1) when 
GL2m+i X G{m) is considered as a Levi subgroup of G'(3m+ 1). We now may 
use ^*-stable Cartan subgroups of GL2m+i and their F-isomorphism with 
the members of {Ti} as in the case n = 2m + 1. Here {Tj} is a complete set of 
representatives for the conjugacy classes of Cartan subgroups of G. We then 
obtain measures Ki(7i, 7^)|il'(7j)|(i7i on the tori Tj, and since we know Cgg (or 
at least is in the image of A/'e, we can integrate over |J,. Tj for each fiber. 
The integral over the complete fiber bundle is then given by means of the 
image correspondence A, defined precisely as in the cases n = 2m, 2m + 1, 
while still integrating over (J^Tj. Then with the choices we have made we 
can write 

V^(s,Z)= J]a;'(a) J J J f{agYe{g)-')U{h-'Zh) 

" g&G'/G'^ y heGz\G hoGGz 

■det{gYe{g)-^)\^dgdhdho J ii{z-''gYe{g)-^)iL'{z-^gXhoh) 

Z{G) 

■ det \z\^'^''d'^z. 

Lemma 4.5 is now valid for n > 2m + 1, so we may now assume n > 2m. 

For each G-conjugacy class of Cartan subgroups of G, choose a repre- 
sentative Tj, and let T/ be the set of regular elements in Tj = Tj(F). For 
^eTl let 

Ms,'y) = ^ ^(s,7y), 
{y-i}6^({7}) 

where {7^} = {(— 1)"(/ — X'Y'^X)} plays the role of Z, depending on Y. 
Setting 

R{s,Z) = (2nlogg^s)-i^u;'(a)$,,,(ar,/')*(^,/r)/^(Gz(F)), 

a 

then, by Lemma 4.5, (fi{s, Z) — ip{s, Z) — R{s, Z) is an entire function. Now 
set 

Also set 

-R.a(s,7)= X] -^(*'7y)- 
{Y}eA{{j}) 
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Then 

Y^\W{T,)\-' J{^^{s,^)\D{^)\-RA{s,^)\D{^)\)d^ 

1 rpf 

i 

For each i, let Qi be an open compact subset of T/. Then, using Corollary 
4.6, we have 

J Msn) - his) + cs J ^UAb})J')HiJr)\D{^)\di, 

Where Cg = g''*'L(l, 2ns) when Tj is ehiptic. Here hi{s) is entire. In the case 
where Tj is non-eUiptic, then Lemma 4.5 imphes the integral is entire. 

Thus 

ResJ2\W{T,)\-' J Msn)\D{^)\d^ ^ 

c J2 mnr' J ^.(^({7}, /')^(7, /r)p(7)M7 + 

^|W-(TO|-^Res J ^A{sn)\D{7)\d7 
^cJ2\W{T,)\-' J <^>,{A{{l}J'MlJr)\D{j)\dj, 
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^ Va{s: 7) is entire. Here c = (2nlogg) ^. Now letting — > T/, we have 
Res^|PF(T,)|-^ / ^^(s,7)l^(7)M7 = 



J2\W(Ti)\-\\imRes / V'^(s, 7)^(7)^7 + 
^|iy(T,)|-\lim Res / ^^^(^,7)1^^(7)1^^7 = 



Tl\ni 

= ci?G(/',/r) + ^|W^(T.)|-\lim Res / $,,,(^({7}, /')*(7, /r) 1^(7)^7 
+ J2\W{T,)\-' lim Res / ^.^(s, 7)^(7)1^^7- 

Note that, in the first sum, the hmit is zero by the local boundedness of 

(normalized) orbital integrals. Further, in the second sum, since </7yi(s, 7) is 
entire, the residue is independent of the choice of fli, and hence we fix fij 
and drop the limit. Thus, 

Res(A(s, r' (g) r, Wo)f{e), v' (g) v) 

s=0 

^cRGifJr) + ResJ2\WiT,)\-' J Ms,l)\D{i)\d^, 

with the second term independent of the choices of Oj. Note that this second 
term depends only on the singular part of the T,. 

Now suppose n < 2m. If n is odd, we consider the embedding G{^^) ^ 
G{m) by 

/i I— > I h 

If n is even we embed SOn{F) in G{m) by 

/ Im-{n/2) 
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where : SOn ^ -S'O^+i is the map we considered in Section 3. Let 

/ 1 ^T^' ^ '-"^'^ 
if n is even 

Then we are considering G{n') as a subgroup of G{rn). Suppose Y e GLn{F) 
and X G M„x2m+i(-f') satisfy (1.1). Then X'Y~^X has rank at most n, and 
therefore at most n of the eigenvalues of / — X'Y~^X are different from 1. 
Thus, the semisimple part of the conjugacy classes in N^{{Y~'^}) all meet 
G{n'). Let be the subset of classes in C whose semisimple part meets 
G{n'). Then N,:J\f^C^. 

Lemma 4.8. If n < 2m then the norm correspondence He has finite fibers. 

Proof. By Lemma 1.5(b) we know e{Y)-^Y-^X = X{I - X'Y-^X). We 
assume that X is in row echelon form, and the last n — k rows of X are zero. 
This gives a decomposition = F'^ (B F"~*^, with F"-~'' the left kernel of X 
and X\pk an injection of F'^ into F^"^"*"-^. Now the matrix of £(Y)~^Y~^ with 

respect to this basis is ^ J , with A determined by / — X'Y~^X. This 



^0 -/^ 

shows the fibers of are finite. □ 

If n is odd, we first pick Xq G M„(F) for which Y + e{Y) = XqX'^. If n 
is even, we take Xq e M„xn+i(-^) for which Y + e{Y) — XqXq. Letting 



2m+l— n 



, n odd; 



m — n even, 

/OA 

we then set X = (O^- Xq 0^) . Note that X' = \X'q\. Thus, XX' = 
XqXq = Y + £{Y). It is a straightforward computation that 



I-X'Y-^X^ I-X'Y-^Xo 



and thus, almost all conjugacy classes in J\f can be parameterized by regular 
semisimple conjugacy classes in . 
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We now pick a set {Tj} of representatives for the conjugacy classes of 
Cartan subgroups in G(n'). Note that none of these Cartans are elhptic in 
G(m). Applying Lemma 1.4 and decomposing orbits as before, we find the 
contribution from each orbit is 



^Pis,Z) = ^io'{a) J J J f{agYeig)-')fr{h-'Zh) 

° geG'/G'^ Y h&Gz\G XGz{F) 

■\det{gYe{g)-^)Ydgdhd{Xh,) j ii{z-^gYe{g)-^)iL'{z'^gXh^h) 



Z(G) 

■I det2;r^''(i''z, 



' 1 



where X is as above. Note that XGz{F) = G'^y-i ^'^d thus we rewrite the 
above formula as 



^^{s,Z) = Y,^\a) j j j f{agYe{g)-')MhZh-') 

G'/G'^yGz\GG'^y 

■\det{gYe{g)-')\'dgdhdgo j ^i{z-'gYe{g)-')^L'{z~'ggoXh) 



Z{G') 

■\detz\~^^d''z. 



- ) 



and as in |GSH IGS2j this expression is the same as that for n > 2m, with 
the roles of Gz and y, as well as those of Hq and go interchanged. Define 
i^Ai^yl) = Yl "^(-^^Ty), as before. Also let 7) be as before. The 

integration over orbits is then realized as integration over IjTj, with {Tj} as 

i 

above. The argument then follows as in the case n > 2m, verbatim. Note 
however that for any {7} G C^, $(7, /t) = 0, since all Tj are non-elliptic 
and the orbital integral is in G{m), not G{n'). Therefore, Rcif, fr) = 0. 

We now state our main result, which we have proved. 



Theorem 4.9. Let 



if n is even; 



^ ^ if n is odd. 



2 

Then let i = min(n', m), and let {Tj} be a collection of representatives for the 
conjugacy classes of Cartan subgroups ofG{i). For each i, choose an open 
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compact subset Qi of the regular elements T[ of Ti . Then the intertwining 
operator A{s, t' ® t, Wq) has a pole at s = if and only if 

cRGif',fr) + ResJ2\WiTd\-' j Ms,l)\Dmdl^O, 

for some choice of a matrix coefficient and an f e C^{GLn{F)) defining 
a matrix coefficient ip^-i of r' . The constant c = {2n\ogqF)~^ . If n < 2m, 
then Rcif, fr) = 0, and thus the residue is given by the second term alone. 

Corollary 4.10. Suppose t' ~ f . Fix, as in Theorem 4-9, a choice of 
compact open subsets fli ofT-. 

(a) The induced representation I{t' ®t) is irreducible if and only if for some 
choice of matrix coefficients fr, ipr' 

ci?G(/',/.) + $^|W^(T.)|-^Res J ^^(s, 7)1/^(7)^7 7^0, 
where f G C~(GL„(F)) defines ipr'- 

(b) Assume t is generic. If I{t' ® r) is irreducible then I{s,t' ® r), s G M 
is reducible exactly at sq = ±1/2 or sq = ±1, and at only one of these pairs. 
In this case, the complementary series is I{s,t' (g) r), with —sq < s < sq, 
and the subquotients of I{sq,t' ^t) for Sq = 1/2, or 1 are described in IShl^ . 
namely the Langlands quotient is non-tempered and non-generic, while the 
unique irreducible subrepresentation is a generalized special discrete series. 

Remark 4.11. Some poles of A[s,t' ®t) come from poles of L{2s,t' ,sym'^), 
which are determined in \Sh0j . The residue in Corollary 4-10 represents poles 
of this L-function as well as those of L{s,t' x r). In the next section we 
discuss how these appear in the theory of twisted endoscopy. 

5 Connection with twisted endoscopy, and 
using automorphic transfer 

We now discuss the connection of the main result with the theory of twisted 
endoscopy |KSj . While our initial reasoning is similar to that of |GSll [U52] . 
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the recent results on automorphic transfer of |C-K-PS-^ . |G-R-Sj . and [JS] 
allow us to be more explicit. They also allow us to make progress towards 
showing the local component of the automorphic transfer is the twisted endo- 
scopic transfer. If we assume that poles of L{s, r' x r) should be controlled by 
the regular term when n > 2m, then we can, in fact complete the proof of this 
statement in that case. To begin, we let Xt be the distribution character of r. 
Then Xt is represented by a locally integrable function, also denoted by Xt 
[HClt [HC2] . We may then choose a matrix coefficient, fr, with the property 
that, for any regular semisimple 7 G G(m), Xril) = ^{l, fr) [Kl IC2] . 

Since {t'Y = (r')'"° = f' = r' (by our assumption) we can extend r' to 
GLn{F) X {1, e}, by fixing an equivalence r'(e) from r' to (r'Y, whose square 
is the identity. The e-twisted character x^, is then defined, as a distribution 
by xl'if) = trace {r' {f'y (e)) , for any f G C,°°(GL„(F)). Then Clozel 
showed that xl' can be represented by a locally integrable function on the 
^-regular set, [Clj . and Kottwitz and Rogawski |KR] discuss the existence of 
£-pseudo coefficients. We assume the existence of such e-pseudocoefficients. 
That is, we assume there is a choice, /^/, of matrix coefficient for r' for which 

for all ^-regular elements 7' G GLn{F). Choosing /' G C^{GLn{F)) which 
defines /^/, we then have 

which we denote by Xr'i-^ii'^}))- Now if = 2m, then for such a choice of 
fr and /,-' (i.e. /'), the regular term becomes 

^2g(/',/.) =5^/i(T,)|l^(T,)|-iy" Xr{l)xl'{l')d7. 

Thus, Rg becomes a pairing between the character Xt of t and the e-twisted 
character x^, of r'. Therefore, we expect non-vanishing of RGif'jfr) to 
indicate r' comes from r via twisted endoscopy. We make the following 
definition. 

Definition 5.1. A self dual irreducible unitary supercuspidal representation 
t' of GL2m{F) is said to be the twisted endoscopic transfer of a supercuspidal 
representation r of G{m) if Rcif, fr) 7^ 0, for some matrix coefficient of 
T and some f G G^{G) defining a matrix coefficient of t' . 
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Notice that there is a definition in |Sh2j of when an irreducible unitary 
self dual supercuspidal representation r' of GL2m{F) comes from S02m+i{F), 
and this should be interpreted as indicating that r' is an e-twisted endoscopic 
transfer of n for some tt. The definition above is finer, in that it indicates 
from which representation r' should transfer. 

We now define another version of transfer from S02m+i{F) to GL2m{F). 
This comes from the automorphic transfer from S02m+i{.^K) to GL2m{^K), 
the weak form of which is established by [C-K-PS^ . and the strong form of 
which is established in |JS] . Here K is an arbitrary number field. 

To be more precise, let r be an irreducible generic supercuspidal rep- 
resentation of G = G(F) = G(m). By the techniques described in |Shl] . 
we can find a number field K, a finite place Vq of K with Kyg ~ F, 
and a cuspidal automorphic representation vr = ®v7iy of G{Ak) such that 
7r„o ~ r, and vr^, is unramified for v ^ vq (and f < oo). By |C-K-PS-S] and 
pS] there is an automorphic representation 11 = (8>t,n„ of GL2m{AK) with 
L(s,n) = L(s,7r). Moreover, if p: GL2m(C) GLk{C) is a representation, 
then L(s, 11, p) = L{s, vr, p o where 

is the injection of (connected components of) L-groups. Let n(r) = n„g. 
Note by [JS] , n(r) is the fo component of the automorphic transfer 11' of 
vr' = ®t,vr^ of G{Ak') whenever K'^^ ~ F and n'^^ ~ r. 

Definition 5.2. Lei r be an irreducible generic supercuspidal representation 
of G{F). We call the irreducible representation n(r) defined above the local 
(automorphic) transfer of t to GL2m{F). 

One property that the local transfer satisfies is L(s, r' x r) = L{s, r' x 
n(r)) |JSj . Note that this Rankin-Selberg L-function agrees with those of 
Shahidi |Sh4] and by |HT^ IHe] these are also Artin L-functions. We recall 
the basic consequences of this equality as the following proposition. We refer 
to jJS] for another statement of these results. 

Proposition 5.3. Suppose t is a generic irreducible unitary supercuspidal 
representation of G{m), and r' an irreducible unitary supercuspidal self-dual 
representation of GLn{F) . 

(i) If n > 2m, then L{s,t' x r) is always entire. 
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(ii) If n = 2m, then L{s, t' x r) has a pole at s = if and only if t' = n(r). 

(iii) If n < 2m, then L{s, r' x r) has a pole if and only if n(r) C ri x 
T2 X . . . X Tk, with t' ^ TiU for some for some i and some unramified 
character v. 

Proof. Let n(r) be the local automorphic transfer defined in Definition 5.2. 
Since r' x r) = L(s,r' x n(r)), we know from [JPSSj . or [Sh4j that 
L(s, r' X n(r)) has a pole at s = if and only if n(r) C ri x . . . x r^, with 
TjZ/ ~ f' ^ r', for some z and an unramified character v. This immediately 
gives (i)-(iii). □ 

Now suppose that r' is any irreducible unitary self dual supercusp- 
idal of GL2m{F). Then by |Sh2] exactly one of the two L-functions, 
r', sym^) and r', A^) has a pole at s = 0. Further r' x r) = 
r', A^)L(s, r', sym^). 

Let ^Z': — > G'L2m(C) = ^GLn be the Langlands parameter for r'. 
Then recent results of Henniart |He2] show that, as expected 

(5.1) L(s,r',A2) = L{s,^^i)), and 

(5.2) L{s,t' , sym"^) = L{s, sym'^ip). 

If L{s, t', sym^) has a pole at s = 0, then so does L{2s, t', sym^), and hence 
L(s, r' X r) is holomorphic at s = 0. Now suppose that L(s, r', sym^) has 
no pole at s = 0. Then L{s,t',A^) has a pole at s = 0, and in fact |Sh2] . 
Theorem 7.6(b) shows r' must come from S02m+i{F), in the sense that this 
is defined there. 

We have seen L{s, t' x t) is entire, unless t' = n(r). In this case 

(5.3) L{s, r' X r) = L{s, t' x n(r)) = L{s, t' x t') 

Thus, the pole of L(s, r' x r) is in fact controlled by the poles of L(s, r', A^). 
By [JSj and [HTt IHej we must have ip factoring through 5'p2n(C). Thus, 
if r' is the twisted endoscopic transfer of r, as defined above, then it must 
be the local automorphic transfer of r. We expect these two transfers to be 
equivalent, but in order to assert this one would have to know that the regular 
term controlled the pole of the local L-function, as defined by |Shl] . The 
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singular terms are all associate with elliptic tori of smaller dimension, and 
we therefore expect that their non-vanishing will not be twisted endoscopic 
transfer from S02m- We hope to prove this in later work. We summarize this 
below. 

Theorem 5.4. (See Remark 5.5) Twisted endoscopic transfer is local auto- 
morphic transfer. More precisely, let t' he an irreducible unitary supercuspi- 
dal representation of GLn{F) and t an irreducible unitary generic supercus- 
pidal representation of G{m). 

(a) If L{s, t', syrn^p) has a pole at s = 0, then I{t' (E) t) is irreducible. 

(b) Suppose L{s, t', sym?p) is holomorphic at s = 0. Moreover, assume 



(i) If n > 2m then I{t' ® r) is irreducible. 

(ii) Ifn = 2m then I{t'^t) is irreducible if and only if t' = n(r) and 
this is equivalent to both L{s, r' x r) and L{s, r', A^) having poles 
at s = 0. This is also equivalent to t' being the local automorphic 
transfer ofr. Ifr is the twisted endoscopic transfer ofr, i.e., if the 
term Rq, is non-vanishing, then the two transfers are the same. 

(iii) If n < 2m, then I{t' ® r) is irreducible if and only if n(r) C 
Ti X . . . X Tfc, with TiV = t' for some i and some unramified char- 
acter V. In this case JJS^ shows that each Ti is parameterized by a 
homomorphism ipi'. Wp — >■ GL2ki{^) ^(ich of which is symplectic. 
Hence each Tj is the e -twisted endoscopic transfer of some TCi on 
S02ki+i, in the sense of \Sh^ . 

Remark 5.5. Note that in case (iii) the pole of L{s,r' x r) is given by 
non-vanishing of the singular term 



and the non-vanishing of a particular term in this sum must describe which 
groups GL2ki{F) appear in this situation. At this point we cannot make this 
explicit. We further remark that if n = 2m, then we expect that Roif, fr) ^ 
if and only if r' = n(r). However, we have so far shown that t' = n(r) if 




T' 
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and only if Raif, fr) + Rsingif, fr) ^ 0. We expect that Rsmg = 0. On the 
other hand, we notice that if n < 2m, the non-vanishing of this singular term 
can point to the pole of either of the two L -functions, and hence it becomes 
clear that we have yet to understand which terms of the sum match with 
poles of which L-functions. However, one can expect that, in the situation of 
Theorem 5.4(b)(iii), the tori for which there is non-vanishing must somehow 
parameterize what the factors of the supercuspidal support of n(r) are. 

We also remark that the work of IC-K-PS-S\ \ G-R-S\ \JS^ should extend to 
the other classical groups, and in particular to Sp2n, and S02n- In fact, the 
first two among these has been extended by JSh5[ I C-K-PS^S^ and Soudry's 
IHP lecture ISd^ . The analogous analysis of the residues of the standards 
intertwining operators for these cases have been resolved, at least in the case 
where n is even lSh3[ I GS1[ I GS0^ . When this automorphic transfer is com- 
pletely understood, then results similar to the ones of this section should be 
obtainable, and we expect to address this in the near future. Further, these 
results, combined together, may help resolve the issue raised in the preceding 
paragraph. 
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